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Abstract: We present the derivation of a supersymmetric model for fermionic fields with
integer valued mass dimension based on a general superfield with one free spinor index.
First, we demonstrate that it is impossible to formulate such a model based on a general
scalar superfield. This is due to problems constructing a Lagrangian containing a kinetic
term for the fermionic mass dimension one field, as well as problems deriving a consistent
second quantisation.
We then develop a formalism based on a general superfield with one free spinor index. We
systematically derive all associated chiral and anti-chiral superfields up to third order in
covariant derivatives. Using this formalism we are able to construct a supersymmetric on-
shell Lagrangian that contains a kinetic term for the fermionic fields with mass dimension
one. We then derive the corresponding on-shell supercurrent and succeed to formulate a
consistent second quantisation for the component fields. Finally, we present our result for
a supersymmetric Hamiltonian.
As the Lagrangian is by construction supersymmetric and the Hamiltonian was derived
from the Lagrangian using the supersymmetry algebra the Hamiltonian must be positive
definite.
Keywords: Beyond Standard Model, Dark Matter, Superspaces, Supersymmetry.
∗
Kai.Wunderle@usask.ca
†
Rainer.Dick@usask.ca
Contents
1. Introduction 1
2. A Supersymmetric Lagrangian 2
2.1 Constructing a Model Based on the General Scalar Superfield 2
2.1.1 A Non-kinetic Supersymmetric Lagrangian 3
2.1.2 Problems with Second Quantisation 4
2.2 The General Superfield with one Spinor Index 5
2.2.1 The Chiral Superfields 6
2.2.2 Unitary Supertranslations 8
2.3 Constructing a Model Based on the General Spinor Superfield 12
2.4 The On-shell Lagrangian 14
3. The Supercurrent 15
4. The Hamiltonian in Position Space 17
4.1 Second Quantisation in Position Space 18
4.1.1 Superfield Transformation of the Fermionic Component Fields 18
4.1.2 Superfield Transformation of the Bosonic Component Fields 20
4.1.3 Transformation of the Conjugate Component Fields 21
4.2 The Hamiltonian from the Supersymmetry Algebra 22
4.3 The Hamiltonian from Canonical Quantisation 24
5. Summary 25
A. Mathematical Appendix 26
A.1 Conventions 26
A.2 Relations between Grassmann Variables 27
A.3 Relations between σ-matrices 27
1. Introduction
All modern supersymmetric models are derived from a fundamental general scalar super-
field. The application of the covariant superfield derivatives Dα and D¯α˙ allows then a
systematic derivation of various chiral and anti-chiral superfields, see e.g. [1, 2]. If the
discussion is restricted to the supersymmetric description of bosonic fields with integer-
valued mass dimension and fermionic fields with half-integer-valued mass dimension this
approach is sufficient and leads to the Minimal Supersymmetric Standard Model. This
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changes, however, if the previous assumption on the mass dimensions of fermionic and
bosonic fields is dropped.
An investigation of this matter is of special interest due to the recent proposal of
fermionic fields with mass dimension one – eigenspinors of the charge conjugation operator
(ELKO) – by Ahluwalia-Khalilova and Grumiller [3, 4]. In their publications they use
the field theory formalism to formulate a nonlocal theory of fermionic fields with mass
dimension one. Ahluwalia et al. then modify this formalism by introducing a preferred
direction along which the fermionic field with mass diemension one satisfies a local theory
[5]. Subsequently da Rocha and Hoff da Silva construct a Lagrangian for ELKO spinors
motivated from supergravity using mass dimension transmuting operators [6]. Therfore,
the question arises how to formulate a supersymmetric model from a fundamental superfield
that is able to describe fermionic fields with mass dimension one.
The article is structured as follows. Section 2 discusses the construction of a supersym-
metric Lagrangian. It is shown that the straightforward approach using a general scalar
superfield with redefined mass dimensions fails while the construction of a model based
on a general spinor superfield is successful. Then, the corresponding supercurrent is cal-
culated in Section 3. In Section 4 the Hamiltonian is derived using the supersymmetry
algebra. This approach ensures that the resulting Hamiltonian is positive definite. Finally,
the results are summarised in Section 5.
2. A Supersymmetric Lagrangian
In this section a supersymmetric Lagrangian for fermionic fields with mass dimension one is
derived. It is shown that a construction based on the general scalar superfield with redefined
mass dimension of the component fields is impossible. This is due to problems generating a
kinetic contribution for the fermionic fields with mass dimension one as well as constructing
a consistent second quantisation. Afterwards the general spinor superfield is presented and
all chiral and anti chiral superfields up to third order in covariant derivatives are derived
systematically. This general spinor superfield is then used to construct a supersymmetric
on-shell Lagrangian for fermionic fields with mass dimension one.
2.1 Constructing a Model Based on the General Scalar Superfield
The most straightforward approach to formulate a supersymmetric model for fermionic
fields with integer-valued mass dimension is to formulate a model in analogy to the com-
monly used formalism where fermionic fields have half-integer-valued mass dimension. This
is done by starting from the general scalar superfield
V = C − iθχ+ iχ¯′θ¯ −
i
2
θ2 (M − iN) +
i
2
(M + iN)− θσµθ¯Aµ+
+ iθ¯2θ
(
λ−
i
2
∂/ χ¯′
)
− iθ2θ¯
(
λ¯′ −
i
2
∂¯/χ
)
−
1
2
θ2θ¯2
(
D +
1
2
C
)
, (2.1)
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Contribution Mass Dimension Possible Contributions
V V dim(V V ) = 1 (mV V )D
XV dim(XV ) = 2 (XV )D
DVDV dim(DVDV ) = 2 (DVDV )D
V X dim(V X) = 2 (V X)D
DWV dim(DWV ) = 3 mass dimension too big for D-component
WDV dim(WDV ) = 3 mass dimension too big for D-component
XX dim(XX) = 3 (XX)F
DVW dim(DVW ) = 3 mass dimension too big for D-component
V DW dim(V DW ) = 3 mass dimension too big for D-component
Table 1: Contributions to the Lagrangian based on the general scalar superfield if χ is identified
with the fermionic field of mass dimension one. In addition to the contributions built from products
of unbarred superfields, the hermitian conjugates are permitted as well.
and redefining the mass dimensions of the component fields appropriately, e.g. dim(C) =
1/2, dim(χ) = 1, etc. . The chiral superfields X and Wα are then defined as
X =
i
2
D¯2X , (2.2)
Wα =
i
4
D¯2DαV . (2.3)
where the covariant derivatives are given by
Dα = ∂α − i∂/αβ˙ θ¯
β˙ , (2.4)
D¯α˙ = −∂¯α˙ + iθ
β∂/βα˙ . (2.5)
This choice of conventions differs by a factor of −i from the conventions used in [10].
However, there are two fundamental problems that prevent a feasible theory using
this approach. The first problem is that all possible contributions to the Lagrangian fail
to produce a nonvanishing kinetic term for the fermionic fields. The second problem is
encountered during second quantisation of the Lagrangian. It can be shown that already the
simplest possible Lagrangian leads to negative energy solutions. In the following subsections
these two problems will be discussed in detail.
2.1.1 A Non-kinetic Supersymmetric Lagrangian
The general scalar superfield has two possible candidates for a fermionic field with mass
dimension one, χ and λ. For simplicity, the discussion is restricted to the case for χ as
fermionic field with mass dimension one. Similar calculations can be repeated for λ. Due
to the shift in mass dimension of the component fields the maximum number of covariant
derivatives that needs to be considered is then increased by two and the discussion becomes
more involved.
If χ is identified with the fermionic field with mass dimension one it can be shown that
the mass dimensions of the general superfield V and the chiral superfields X and Wα are
dim(V ) =
1
2
, dim(X) =
3
2
, dim(Wα) = 2 . (2.6)
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These results for the building blocks of the Lagrangian can be utilised to work out all
possible contributions to the Lagrangian which have to satisfy three basic requirements.
First, all contributions to the Lagrangian have to be Lorentz scalars and thus cannot
contain any uncontracted indices. Second, all structure constants must have positive mass
dimension for the theory to be renormalizable. Third, the contributions must have the
appropriate mass dimension to contribute either via the F -component or theD-component.
All possible terms that satisfy the requirements are summarised in table 1. It groups
the contributions into three groups depending on the mass dimension of the superfield
product without structure constants. It is possible to conceive terms with higher mass
dimension, however, those terms cannot contribute to the Lagrangian and are irrelevant
for the following discussion. For simplicity the discussion is restricted to the unbarred fields
while the hermitian conjugated components have to be considered for the Lagrangian as
well.
The first group of terms with mass dimension one consists of one single term which
is the product of two general superfields. As the general superfield is neither chiral nor
antichiral the only possible contribution to the Lagrangian is a mass term via the D-
component.
The second group containing all terms with mass dimension two then encompasses all
terms that can be constructed using two general superfields and two covariant derivatives.
This results in three possible contributions to the kinetic term via the D-component. There
can be no contributions to the mass term via the F-component as neither V nor DV are
chiral or anti-chiral.
Finally, the third group summarises all terms with mass dimension three which contain
two general superfields as well as four covariant derivatives. Due to the mass dimension
only contributions via the F-component are possible. The only term that satisfies the
necessary symmetry requirements is XX which contributes to the kinetic term.
Altogether, there is one contribution to the mass term as well as four contributions to
the kinetic term. On the first glance this seems to ensure the existence of a valid model.
However, explicit calculations reveal that neither of the four kinetic terms in question is able
to produce a kinetic term for χ which was originally identified with the fermionic field with
mass dimension one. A similar discussion can be repeated for the case where λ is identified
with the fermionic field with mass dimension one. Although the discussion for λ produces
an even larger number of potential contributions to the kinetic term neither of these terms
produces a kinetic term for λ. Therefore, it can be concluded that it is impossible to
construct a Lagrangian – other than the trivial solution for a constant background spinor
field – based on the general scalar superfield that is able to describe fermionic fields with
mass dimension one.
2.1.2 Problems with Second Quantisation
The second major problem arises from the second quantisation of the component fields.
A simple way to demonstrate this is to start with the simplest possible Lagrangian for a
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fermionic field with mass dimension one
L = ∂µψ¯∂
µψ −m2ψ¯ψ . (2.7)
The corresponding Hamiltonian is then found to be
H = ~∇ψ¯ ~∇ψ +m2ψ¯ψ . (2.8)
Inserting the quantised Dirac field
ψ =
∫
d3p
(2π)3
1√
2Ep
∑
s
(
as
p
us(p)e−ip·x + bs
p
†vs(p)eip·x
)
, (2.9)
ψ¯ =
∫
d3p
(2π)3
1√
2Ep
∑
s
(
bs
p
v¯s(p)e−ip·x + as
p
†u¯s(p)eip·x
)
, (2.10)
into the Hamiltonian and removing the zero-point energy leads to
H =
∫
d3p
(2π)3
mEp
∑
s
(
as
p
†as
p
− bs
p
†bs
p
)
. (2.11)
The creation operator b† can be used to lower the energy arbitrarily and obtain negative
energy solutions.
2.2 The General Superfield with one Spinor Index
In the previous section it was shown that a theory based on the general scalar superfield
cannot be viable. This motivated an ansatz based on the general spinor superfield. So
far only few references to the general spinor superfield exist in the literature. One excep-
tion being the article by Gates [11] that contains an expansion of a spinor superfield in
Grassmann variables. In addition, an expansion of the chiral spinor superfield was given by
Siegel [12]. Their results are also included in the book by Gates, Grisaru, Rocˇek, and Siegel
[13]. As our notation differs from previous publications and is based on spinor superfields
with different mass dimension the spinor superfield is introduced in detail and all chiral
and anti-chiral superfields up to third order in covariant derivatives are derived.
In analogy to the general scalar superfield , the general spinor superfield can immedi-
ately be written down as expansion in θ and θ¯
Vα = κα + θ
βMβα + θ¯
β˙Nβ˙α + θ
βθγψαβγ + θ¯
β˙ θ¯γ˙χαβ˙γ˙ + θ
β θ¯γ˙ωαβγ˙+
+ θβθγ θ¯δ˙Rδ˙αβγ + θ
β θ¯γ˙ θ¯δ˙Sαβγ˙δ˙ + θ
βθγ θ¯δ˙θ¯ǫ˙λαβγδ˙ǫ˙ . (2.12)
To bring this ansatz into a more convenient form the Grassmann variables need to be
contracted over the respective indices. After absorbing some of the prefactors into the
component fields, the general superfield is found to be
Vα = κα + θ
βMβα − θ¯
β˙Nβ˙α + θ
2ψα + θ¯
2χα + θσ
µθ¯ (σµ)
βγ˙ ωαβγ˙−
− θ2θ¯δ˙Rδ˙α + θ¯
2θβSβα + θ
2θ¯2λα , (2.13)
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where κ, ψ, χ, and λ are Majorana spinors, M , N , R, and S are complex second-rank
spinors, and ω is a complex third-rank spinor. The four complex second-rank spinors
contain 32 bosonic degrees of freedom while the four Majorana spinors contain 16 fermionic
degrees of freedom. As the number of bosonic and fermionic degrees of freedom must be
the same for a supersymmetric theory, the 3-rd rank spinor must also have 16 fermionic
degrees of freedom. It is then tempting to rewrite the third-rank spinor as a vector of
majorana spinors
(σµ)
βγ˙ ωαβγ˙ = (σµ)
βγ˙ (σν)βγ˙ ωνα = 2ωµα , (2.14)
which has 16 degrees of freedom as well. In the following discussion it will be referred to as
a spinor-vector field. After appropriate rescaling of the component fields the most general
spinor superfield is given by
Vα = κα + θ
βMβα − θ¯
β˙Nβ˙α + θ
2ψα + θ¯
2χα + θσ
µθ¯ωµα−
− θ2θ¯β˙Rβ˙α + θ¯
2θβSβα + θ
2θ¯2λα . (2.15)
2.2.1 The Chiral Superfields
For the general scalar superfield the chiral and anti-chiral fields are derived by repeated
operation of the covariant derivatives D and D¯. By definition the chiral and anti-chiral
superfields satisfy the following relations
D¯α˙X = 0 , (2.16)
DαY = 0 , (2.17)
where it is assumed that X is a chiral superfield and Y is an anti-chiral superfield which
can have an arbitrary number of spinor indices. The chiral and anti-chiral superfields up
to third order in covariant derivatives are then derived systematically by calculating D¯2V
and D2V , as well as D¯2DV and D2D¯V .
The chiral spinor field is found by repeated operation of the covariant derivative D¯
onto the general superfield
Xα = −
1
4
D¯2Vα
= χα + θ
β
(
Sβα +
i
2
∂/β
δ˙Nδ˙α
)
+ θ2
(
λα +
i
2
∂µωµα −
1
4
κα
)
− iθ∂/ θ¯χα+
+
i
2
θ2θ¯γ˙∂¯/ γ˙
β
(
Sβα +
i
2
∂/β
δ˙Nδ˙α
)
−
1
4
θ2θ¯2χα . (2.18)
Comparison with the general expansion of a chiral field with one spinor index leads to the
very elegant expression
Xα = exp
(
−iθ∂/ θ¯
)(
χα + θ
β
(
Sβα +
i
2
∂/β
δ˙Nδ˙α
)
+ θ2
(
λα +
i
2
∂µωµα −
1
4
κα
))
. (2.19)
As this notation is not used in the further discussion an explicit notation in exponential
form is not given for Y , Z, Z0, and Z
′ but can be derived in a similar way.
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The calculations for the anti-chiral spinor field can be performed in perfect analogy
where the operation of the covariant derivatives D on the general superfield replaces the
operation of D¯
Yα = −
1
4
D2Vα
= ψα − θ¯
β˙
(
Rβ˙α +
i
2
∂¯/ β˙
γMγα
)
+ θ¯2
(
λα +
i
2
∂µωµα −
1
4
κα
)
− iθ∂/ θ¯ψα−
−
i
2
θγ θ¯2∂/γ
β˙
(
Rβ˙α +
i
2
∂¯/ β˙
δMδα
)
−
1
4
θ2θ¯2ψα . (2.20)
To third order in covariant derivatives there is again one chiral and one anti-chiral
superfield which are now second-rank spinor fields. The chiral second-rank spinor field is
found to be
Zγα = −
1
4
D¯2DγVα
=
(
Sγα −
i
2
∂/γ
β˙Nβ˙α
)
+ θβ
(
2ǫβγλα + (σ
νµ)βγ ∂νωµα +
1
2
ǫβγκα
)
−
− iθ2
(
∂/γ
β˙Rβ˙α −
i
2
Mγα
)
− iθ∂/ θ¯
(
Sγα −
i
2
∂/γ
β˙Nβ˙α
)
+
+
i
2
θ2θ¯δ˙∂/βδ˙
(
2ǫβγλα + (σ
νµ)βγ ∂νωµα +
1
2
ǫβγκα
)
−
−
1
4
θ2θ¯2
(
Sγα −
i
2
∂/γ
β˙Nβ˙α
)
. (2.21)
A special case arises if the two undotted indices of the second-rank spinor field are con-
tracted. It is then reduced to a scalar superfield
Z0 = Tr
(
S +
i
2
∂/N
)
− θβ
(
2λβ + σ
νµ∂νωµ +
1
2
κβ
)
+ iθ2Tr
(
∂/R+
i
2
M
)
−
− iθ∂/ θ¯Tr
(
S +
i
2
∂/N
)
−
i
2
θ2θ¯δ˙∂/βδ˙
(
2λβ + σ
νµ∂νωµ +
1
2
κβ
)
−
−
1
4
θ2θ¯2Tr
(
S +
i
2
∂/N
)
. (2.22)
The calculations for the anti-chiral second-rank spinor field are nearly identical and it is
found to be
Z ′ = −
1
4
D2D¯γ˙Vα
=
(
Rγ˙α +
i
2
∂/βγ˙Mβα
)
− θ¯β˙
(
2ǫβ˙γ˙λα − (σ¯
νµ)β˙γ˙ ∂νωµα +
1
2
ǫβ˙γ˙κα
)
+
+ θ¯2
(
i∂¯/ γ˙
βSβα −
1
2
Nγ˙α
)
+ iθ∂/ θ¯
(
Rγ˙α +
i
2
∂/βγ˙Mβα
)
+
+
i
2
θδθ¯2∂/δ
β˙
(
2ǫβ˙γ˙λα − (σ¯
νµ)β˙γ˙ ∂νωµα +
1
2
ǫβ˙γ˙κα
)
−
−
1
4
θ2θ¯2
(
Rγ˙α +
i
2
∂/βγ˙Mβα
)
. (2.23)
– 7 –
Unlike for the chiral second-rank spinor field, no special case exists for the anti-chiral
second-rank spinor field. This is due to the odd number of dotted and undotted indices
which makes it impossible to contract the indices to achieve a scalar superfield. At most
it can be written as a product of a Pauli-matrix and a vector field.
2.2.2 Unitary Supertranslations
For the later discussion of the supercurrent and the derivation of the second quantisation
of the component fields the superfield variation of the general spinor superfield must be
derived. The calculation follows the discussion for the general scalar superfield in [14] and
was adapted accordingly to compensate for the additional spinor index.
The starting point for the derivation of the behaviour of a superfield under unitary
supertranslations is the definition of a superspace eigenstate
∣∣x0, θ0, θ¯0〉 , (2.24)
which has the eigenvalues
xµ
∣∣x0, θ0, θ¯0〉 = x0 ∣∣x0, θ0, θ¯0〉 , (2.25)
θα
∣∣x0, θ0, θ¯0〉 = θ0α ∣∣x0, θ0, θ¯0〉 , (2.26)
θ¯α˙
∣∣x0, θ0, θ¯0〉 = θ¯0α˙ ∣∣x0, θ0, θ¯0〉 . (2.27)
Here θα, θ¯α˙, and x
µ are operators acting on the superspace eigenstate while the eigenvalues
are denoted by a subscript 0 for the original eigenstate and with a prime for the translated
state. Therefore, a state that is shifted under unitary supertranslations can be written as
∣∣x′, θ′, θ¯′〉 = exp (iay · P + ibζQ+ icQ¯ζ¯) ∣∣x0, θ0, θ¯0〉 , (2.28)
where the prefactors a, b, and c still need to be determined. An arbitrary operator O
acting on the shifted state can be expressend as
O
∣∣x′, θ′, θ¯′〉 = exp (iay · P + ibζQ+ icQ¯ζ¯) exp (−iay · P − ibζQ− icQ¯ζ¯)×
×O exp
(
iay · P + ibζQ+ icQ¯ζ¯
) ∣∣x0, θ0, θ¯0〉 . (2.29)
Using the Cambell-Baker-Hausdorff formula
e−iGλOeiGλ =
∑
j
(−iλ)j
j
[G,O] (2.30)
this product of operators can be decomposed into an infinite sum of commutators
O
∣∣x′, θ′, θ¯′〉 = exp (iay · P + ibζQ+ icQ¯ζ¯)×
×
∑
j
(−iλ)j
j
[ay · P + bζQ+ cQ¯ζ¯,O
] ∣∣x0, θ0, θ¯0〉 . (2.31)
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To evaluate the commutators it proves useful to utilise the following three commutators
and anticommutators
{∂β, θα} = ǫβα , (2.32){
∂β˙ , θ¯α˙
}
= ǫα˙β˙ , (2.33)
[Pν , xµ] = iηνµ . (2.34)
For the operator θ acting on the translated eigenstate it is found that
θα
∣∣x′, θ′, θ¯′〉 = exp (iay · P + ibζQ+ icQ¯ζ¯)×
×
∑
j
(−iλ)j
j
[ay · P + bζQ+ cQ¯ζ¯, θ
] ∣∣x, θ, θ¯〉 , (2.35)
where the j-th commutator has to be derived recursively. Conveniently, the first commu-
tator is given by [
ayµPµ + bζ
βQβ + cQ¯β˙ ζ¯
β˙, θα
]
= ibζα . (2.36)
This implies that the second commutator vanishes. Therefore, all higher order contributions
to the infinite sum must vanish identically as well and the eigenvalue of the shifted state is
θ′α
∣∣x′, θ′, θ¯′〉 = (θ0α + bζα) ∣∣x′, θ′, θ¯′〉 . (2.37)
A similar calculation can be repeated for the operator θ¯. It is found that
θ¯α˙
∣∣x′, θ′, θ¯′〉 = exp (iay · P + ibζQ+ icQ¯ζ¯)×
×
∑
j
(−iλ)j
j
[ay · P + bζQ+ cQ¯ζ¯, θ¯α˙
] ∣∣x0, θ0, θ¯0〉 . (2.38)
Again, the j-th commutator must be calculated recursively starting with the first order
commutator [
ay · P + bζβQβ + cQ¯β˙ ζ¯
β˙, θ¯α˙
]
= icζ¯α˙ . (2.39)
Like in the previous case this result implies that the second commutator vanishes identically
and the eigenvalue of the shifted state is
θ¯′α˙
∣∣x′, θ′, θ¯′〉 = (θ¯0α˙ + cζ¯α˙) ∣∣x′, θ′, θ¯′〉 . (2.40)
Finally, the behaviour of the eigenvalue of the operator xµ is analysed
xµ
∣∣x′, θ′, θ¯′〉 = exp (iay · P + ibζQ+ icQ¯ζ¯)×
×
∑
j
(−iλ)j
j
[ay · P + ibζQ+ icQ¯ζ¯, xµ
] ∣∣x0, θ0, θ¯0〉 . (2.41)
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The first commutator is found to be[
ayνPν + bζ
αQα + cQ¯α˙ζ¯
α˙, xµ
]
= iayµ − bζσµθ¯ + cθσµζ¯ . (2.42)
On the first glance it seems as if the series expansion doesn’t terminate after the first
commutator. However, the explicit calculation of the second commutator reveals that it
vanishes identically
2
[ayνPν + bζ
αQα + cQ¯α˙ζ¯
α˙, xµ
]
= 0 . (2.43)
This terminates the infinite series and the eigenvalue for the operator xµ acting on the
translated state is given by
xµ
∣∣x′, θ′, θ¯′〉 = (xµ
0
+ ayµ + i
(
bζσµθ¯0 − cθ0σ
µζ¯
)) ∣∣x′, θ′, θ¯′〉 . (2.44)
Combining the results for the operators θ, θ¯, and xµ yields a translated superspace
eigenstate of ∣∣x′, θ′, θ¯′〉 = ∣∣x0 + ay0 + i (bζσθ¯0 − cθ0σζ¯) , θ0 + bζ, θ¯0 + cζ¯〉 , (2.45)
where the prefactors a, b, and c are still arbitrary. As a convention it is assumed that the
discussion is restricted to pure superspace translations for which the spatial translation
vanishes and thus ay0 = 0. Furthermore, the translations of the superspace coordinates
θ and θ¯ are chosen to be positive which results in b = c = 1. This results in a relation
between the original and shifted state of the following form∣∣x′, θ′, θ¯′〉 = ∣∣x+ i (ζσθ¯ − θσζ¯) , θ + ζ, θ¯ + ζ¯〉 = exp (iζQ+ iQ¯ζ¯) ∣∣x, θ, θ¯〉 , (2.46)
where the subscript 0 was dropped as it is no longer necessary to distinguish between
operators and eigenvalues. The eigenstate at the shifted superspace coordinates is expressed
in terms of the superspace coordinates of the original superspace eigenstate. It can be seen
that a superspace translation, unlike a translation of normal fields, not only induces a
spatial translation, but also results in a shift of the superspace coordinates θ and θ¯.
Now that the behaviour of a superspace eigenstate under unitary supertranslation is
known, the calculation of the translated general spinor superfield is straightforward
V ′α
(
x, θ, θ¯
)
=
〈
x, θ, θ¯
∣∣ exp (iζQ+ iQ¯ζ¯) |Vα〉
=
〈
x− i
(
ζσθ¯ − θσζ¯
)
, θ − ζ, θ¯ − ζ¯
∣∣ Vα〉
= Vα
(
x− i
(
ζσθ¯ − θσζ¯
)
, θ − ζ, θ¯ − ζ¯
)
. (2.47)
As for the superspace eigenstate, a unitary supertranslation acting on a general superfield
induces a spatial translation as well as a shift of superspace coordinates. In terms of the
component fields the translated superfield can then be written as
V ′α
(
x, θ, θ¯
)
= κα
(
x− i
(
ζσθ¯ − θσζ¯
))
+
(
θβ − ζβ
)
Mβα
(
x− i
(
ζσθ¯ − θσζ¯
))
−
−
(
θ¯β˙ − ζ¯ β˙
)
Nβ˙α
(
x− i
(
ζσθ¯ − θσζ¯
))
+ (θ − ζ)2 ψα
(
x− i
(
ζσθ¯ − θσζ¯
))
+
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+
(
θ¯ − ζ¯
)2
χα
(
x− i
(
ζσθ¯ − θσζ¯
))
+
+ (θ − ζ)σµ
(
θ¯ − ζ¯
)
ωµα
(
x− i
(
ζσθ¯ − θσζ¯
))
−
− (θ − ζ)2
(
θ¯β˙ − ζ¯ β˙
)
Rβ˙α
(
x− i
(
ζσθ¯ − θσζ¯
))
+
+
(
θ¯ − ζ¯
)2 (
θβ − ζβ
)
Sβα
(
x− i
(
ζσθ¯ − θσζ¯
))
+
+ (θ − ζ)2
(
θ¯ − ζ¯
)2
λα
(
x− i
(
ζσθ¯ − θσζ¯
))
. (2.48)
To express the translated component fields in terms of the component fields at the original
superspace coordinates a Taylor expansion of the component fields can be used. In the
present case an expansion up to first order in the transformation parameters ζ and ζ¯ of
the form
κα
(
x− i
(
ζσθ¯ − θσζ¯
))
≈ κα(x)− i
(
ζσν θ¯ − θσν ζ¯
)
∂νκα(x) (2.49)
is sufficient. After appropriately rewriting equation (2.48), neglecting all terms of second
or higher order in the transformation parameters ζ and ζ¯, and collecting the terms with
corresponding orders in the Grassmann variables θ and θ¯ the shifted superfield is given by
V ′α
(
x, θ, θ¯
)
= κα(x)− ζ
βMβα(x) + ζ¯
β˙Nβ˙α(x)+
+ θβ
(
Mβα(x) + i (σ
µ)βγ˙ ζ¯
γ˙∂µκα(x)− 2ζβψα(x)− (σ
µ)βγ˙ ζ¯
γ˙ωµα(x)
)
−
− θ¯β˙
(
Nβ˙α(x)− i (σ¯
µ)β˙γ ζ
γ∂µκα(x)− 2ζ¯β˙χα(x)− (σ¯
µ)β˙γ ζ
γωµα(x)
)
+
+ θ2
(
ψα(x)−
i
2
ζ¯ δ˙ (σ¯µ)δ˙
β∂µMβα(x) + ζ¯
β˙Rβ˙α(x)
)
+
+ θ¯2
(
χα(x)−
i
2
ζδ (σµ)δ
β˙∂µNβ˙α(x)− ζ
βSβα(x)
)
+
+ θσµθ¯
(
ωµα(x) +
i
2
ζδ (σν σ¯µ)δ
β∂νMβα(x)−
i
2
ζ¯ δ˙ (σ¯νσµ)δ˙
β˙∂νNβ˙α(x)−
−ζγ (σµ)
γβ˙ Rβ˙α(x) + ζ¯γ˙ (σ¯µ)
γ˙β Sβα(x)
)
−
− θ2θ¯β˙
(
Rβ˙α(x)− i (σ¯
µ)β˙γ ζ
γ∂µψα(x) +
i
2
(σ¯µσν)β˙ǫ˙ ζ¯
ǫ˙∂νωµα(x)− 2ζ¯β˙λα(x)
)
+
+ θ¯2θβ
(
Sβα(x) + i (σ
µ)βγ˙ ζ¯
γ˙∂µχα(x) +
i
2
(σµσ¯ν)βδ ζ
δ∂νωµα(x)− 2ζβλα(x)
)
+
+ θ2θ¯2
(
λα(x)−
i
2
ζγ (σµ)γ
β˙∂µRβ˙α(x)−
i
2
ζ¯ δ˙ (σ¯µ)δ˙
β∂µSβα(x)
)
. (2.50)
The variation of the general spinor superfield is then defined as the difference between the
translated superfield and the superfield at the original superspace coordinates
δVα
(
x, θ, θ¯
)
= V ′α
(
x, θ, θ¯
)
− Vα
(
x, θ, θ¯
)
. (2.51)
Therefore, the variation of the component fields can be extracted immediately from equa-
tion (2.50)
δκα = −ζ
βMβα(x) + ζ¯
β˙Nβ˙α(x) , (2.52)
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δMβα = −2ζβψα(x) + iζ¯
γ˙ (σ¯µ)γ˙β ∂µκα(x)− ζ¯
γ˙ (σ¯µ)γ˙β ωµα(x) , (2.53)
δNβ˙α = −2ζ¯β˙χα(x)− iζ
γ (σµ)γβ˙ ∂µκα(x)− ζ
γ (σµ)γβ˙ ωµα(x) , (2.54)
δψα = ζ¯
β˙Rβ˙α(x)−
i
2
ζ¯ β˙ (σ¯µ)β˙
γ∂µMγα(x) , (2.55)
δχα = −ζ
βSβα(x)−
i
2
ζβ (σµ)β
γ˙∂µNγ˙α(x) , (2.56)
δωµα = ζ
β (σµ)β
γ˙Rγ˙α(x) +
i
2
ζβ (σν σ¯µ)β
γ∂νMγα(x)−
− ζ¯ β˙ (σ¯µ)β˙
γSγα(x)−
i
2
ζ¯ β˙ (σ¯νσµ)β˙
γ˙∂νNγ˙α(x) , (2.57)
δRβ˙α = −2ζ¯β˙λα(x)− iζ
γ (σµ)γβ˙ ∂µψα(x)−
i
2
ζ¯ γ˙ (σ¯νσµ)γ˙β˙ ∂νωµα(x) , (2.58)
δSβα = −2ζβλα(x) + iζ¯
γ˙ (σ¯µ)γ˙β ∂µχα(x)−
i
2
ζγ (σν σ¯µ)γβ ∂νωµα(x) , (2.59)
δλα = −
i
2
ζβ (σµ)β
γ˙∂µRγ˙α(x)−
i
2
ζ¯ β˙ (σ¯µ)β˙
γ∂µSγα(x) . (2.60)
These results then imply the variation of the on-shell component fields. After eliminating
the auxiliary fields and using the definition of the component fields R˜ and S˜ from equa-
tions (2.67) and (2.68) in section 2.4 the variation of the component field of the on-shell
Lagrangian are found to be
δψα = ζ¯
β˙R˜β˙α , (2.61)
δχα = −ζ
βS˜βα , (2.62)
δR˜β˙α = mζ¯β˙χα − 2iζ
γ∂/γβ˙ψα , (2.63)
δS˜βα = mζβψα + 2iζ¯
γ˙ ∂¯/ γ˙βχα . (2.64)
2.3 Constructing a Model Based on the General Spinor Superfield
If χ is identified with the fermionic field with mass dimension one it can be shown that
dim(Vα) = 0 , dim(Xα) = dim(Yα) = 1 , dim(Zγα) = dim
(
Z ′γ˙α
)
=
3
2
. (2.65)
It is interesting to note that for χ as fermionic field with mass dimension one the mass
dimension of the general spinor superfield is 1/2 lower than for the previous approach based
on the the general scalar superfield. This indicates that the structure of this model is richer
as there are more allowed contributions to the Lagrangian. For convenience the discussion
is resticted to the unbarred superfields while the hermitian conjugates contribute to the
Lagrangian as well.
The contributions to the Lagrangian have to satisfy the same basic requirements as
outlined in Section 2.1.1 – no uncontracted spinor indices, positive mass dimension for struc-
ture constants, and appropriate mass dimension for contribution via D- or F -component.
All conceivable terms that are in agreement with these conditions are then summarised in
table 2. It contains more possible contributions to the Lagrangian which are now divided
into four groups. The additional group is due to the lower mass dimensionality of the
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Product Mass Dimension Contributions
V V dim(V V ) = 0
(
m2V V
)
D
XV dim(XV ) = 1 (mXV )D , (mY V )D
DVDV dim(DVDV ) = 1 (mDVDV )D ,
(
mD¯V D¯V
)
D
V X dim(V X) = 1 (mVX)D , (mV Y )D
DZV dim(DZV ) = 2 (DZV )D ,
(
D¯Z ′V
)
D
ZDV dim(ZDV ) = 2 (ZDV )D ,
(
Z ′D¯V
)
D
XX dim(XX) = 2 (mXX)F , (mY Y )F , (XY )D , (Y X)D
DV Z dim(DV Z) = 2 (DV Z)D ,
(
D¯V Z ′
)
D
V DZ dim(V DZ) = 2 (V DZ)D ,
(
V D¯Z ′
)
D
DZX dim(DZX) = 3 mass dimension too big for D-component
ZZ dim(ZZ) = 3 (ZZ)F , (Z
′Z ′)F
XDZ dim(XDZ) = 3 mass dimension too big for D-component
Table 2: Possible contributions to the Lagrangian for χ as fermionic field with mass dimension
one based on the general spinor superfield. The first two columns specify the product and mass
dimensionality using the general superfield and chiral superfields only. The third column then
summarises all possible contributions corresponding to the product outlined in the first column
including the contributions that arise from the antichiral superfields.
general spinor superfield which allows a spectrum for the mass dimension ranging from 0
and 3.
The first group which contains only one term, the product of two general spinor super-
fields without additional covariant derivatives, has mass dimension 0. For symmetry reasons
the only possible contribution to the Lagrangian is a mass term via the D-component.
The second group containing all terms with mass dimension 1 has 6 possible terms.
As V and DV are neither chiral nor anti-chiral all six terms are contributions to the mass
term via the D-component.
In the third group all terms with mass dimension 2 are grouped together. It contains
12 terms of which 10 are contributions to the kinetic term via the D-component while 2
are contributions to the mass term via the F-component. It is worth mentioning that this
is the only group that contains contributions to the kinetic term as well as contributions
to the mass term. Even more intriguing is the fact that a superfield product of the form
X1X2 where X1 and X2 can be either chiral or antichiral is able to produce both kind of
contributions.
Finally, the fourth group which contains all terms with mass dimension 3 has two
entries. Due to the mass dimension only contributions via the F-component are possible
which means that both terms can only contribute to the kinetic term.
It is interesting to note that some of the terms contained in table 2, namelyDVDV and
XV were previously considered by Gates and Siegel [15, 16]. However, in these articles the
authors assume the commonly used mass dimensinos for fermionic and bosonic fields. This
has two consequences. First, all kinetic terms in [15, 16] become mass terms in the present
scenario due to the change of mass dimensionality. Second, all contributions summarised
– 13 –
in groups three and four of table 2, and therefore the products of chiral superfields XX
and Y Y do not exist without redefinition of mass dimensions to accommodate fermionic
fields with mass dimension one and thus were not considered before.
2.4 The On-shell Lagrangian
A supersymmetric Lagrangian can be constructed by combining contributions that were
found in the dimensional analysis of the previous section. It was mentioned earlier that
the first two groups of table 2 with mass dimension 0 and 1 respectively contain only
contributions to the mass term while the group with mass dimension 3 only produces
contributions to the kinetic term. Therefore, the following discussion for the construction
of a supersymmetric Lagrangian will be resticted to the third group which is the only one
containing kinetic as well as mass terms. This limits the number of superfield products that
need to be calculated to 12. Explicit calculations reveal that this number can be narrowed
down even further. It can be shown that the terms (DZV )D, (ZDV )D, (XY )D, (DV Z)D,
(V DZ)D are identical up to a prefactor. Therefore, only the D-component of the terms
XY and Y X will be considered for the kinetic term. The Lagrangian can then be written
in a very compact form
L = (XY )D + (Y X)D +
m
2
(XX)F +
m
2
(Y Y )F + h.c. . (2.66)
From the previous derivation of the chiral superfield X in equation (2.18) and the anti-
chiral superfield Y in equation (2.20) it can be seen that the component fields N , M , S, R,
λ, and κ are not independent. Therefore, it is convenient to introduce the new component
fields
S˜βα = Sβα +
i
2
∂/β
γ˙Nγ˙α , (2.67)
R˜β˙α = Rβ˙α −
i
2
∂¯/ β˙
τMτα , (2.68)
λ˜α = λα −
1
4
κα . (2.69)
Furthermore, it can be seen that the spinor-vector field ωµα is always contracted with a four
derivative which is simplified by defining
ω˜α = ∂
µωµα . (2.70)
The chiral and anti-chiral superfields can then be written as
Xα = χα + θ
βS˜βα + θ
2
(
λ˜α +
i
2
ω˜α
)
− iθ∂/ θ¯χα +
i
2
θ2θ¯γ˙ ∂¯/ γ˙
β S˜βα −
1
4
θ2θ¯2χα , (2.71)
Yα = ψα − θ¯
β˙R˜β˙α + θ¯
2
(
λ˜α −
i
2
ω˜α
)
+ iθ∂/ θ¯ψα +
i
2
θγ θ¯2∂/γ
β˙R˜β˙α −
1
4
θ2θ¯2ψα . (2.72)
This can be used to calculate the contributions to the Lagrangian outlined in equation
(2.66)
(XαXα)F = χλ˜+
i
2
χω˜ −
1
2
Tr
(
S˜T S˜
)
+ λ˜χ+
i
2
ω˜χ , (2.73)
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(Y αYα)F = ψλ˜−
i
2
ψω˜ −
1
2
Tr
(
R˜T R˜
)
+ λ˜ψ −
i
2
ω˜ψ , (2.74)
(XαYα)D = ∂µχ∂
µψ + λ˜λ˜−
i
2
λ˜ω˜ +
i
2
ω˜λ˜+
1
4
ω˜ω˜ +
i
2
Tr
(
S˜T∂/R˜
)
, (2.75)
(Y αXα)D = ∂µψ∂
µχ+ λ˜λ˜+
i
2
λ˜ω˜ −
i
2
ω˜λ˜+
1
4
ω˜ω˜ +
i
2
Tr
(
R˜T ∂¯/ S˜
)
. (2.76)
Therefore, the Lagrangian is given by
L = ∂µχ∂
µψ + ∂µψ∂
µχ+ 2λ˜λ˜+
1
2
ω˜ω˜ +
m
2
χλ˜+
im
4
χω˜ +
m
2
λ˜χ+
im
4
ω˜χ+
+
m
2
ψλ˜−
im
4
ψω˜ +
m
2
λ˜ψ −
im
4
ω˜ψ +
i
2
Tr
(
S˜T∂/R˜
)
+
i
2
Tr
(
R˜T ∂¯/ S˜
)
−
−
m
4
Tr
(
S˜T S˜
)
−
m
4
Tr
(
R˜T R˜
)
+ h.c. . (2.77)
It can be seen that this Lagrangian still contains the auxiliary fields λ˜ and ω˜. They can be
eliminated from the Lagrangian using their equations of motion
ω˜τ = −
im
2
(χτ − ψτ ) , (2.78)
λ˜τ = −
m
4
(χτ + ψτ ) . (2.79)
This process is also referred to as going ”on-shell”. The resulting on-shell Lagrangian is
then found to be
L = ∂µχ∂
µψ + ∂µψ∂
µχ−
m2
4
ψχ−
m2
4
χψ+
+
i
2
Tr
(
S˜T∂/R˜
)
+
i
2
Tr
(
R˜T ∂¯/ S˜
)
−
m
4
Tr
(
S˜T S˜
)
−
m
4
Tr
(
R˜T R˜
)
. (2.80)
It is solely dependent on the on-shell component fields χ, ψ, S˜, and R˜. On the first glance
it seems that there are twice as many bosonic degrees of freedom as fermionic ones, because
each of the second-rank spinor fields has in general 8 degrees of freedom while each of the
complex spinor fields only encompasses four degrees of freedom. However, on-shell the
bosonic second-rank spinor fields satisfy a Weyl type equation which reduces the number
of bosonic on-shell degrees of freedom by a factor of 2. This means that the Lagrangian
indeed has 8 fermionic and 8 bosonic degrees of freedom.
3. The Supercurrent
In classical field theory the Noether theorem describes the connection between symmetry
transformations that leave the Lagrangian invariant and the corresponding conserved quan-
tities. It states that every symmetry results in a conserved current which can alternatively
be expressed as a conserved charge. Even though supersymmetry is not a symmetry in the
classical sense the on-shell Lagrangian is invariant under the variation of the component
fields as defined in equations (2.61) to (2.64). Therefore, according to Noether’s theorem,
a conserved supercurrent exists.
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The general equation for the supercurrent is given by
Jµκ =
∂
∂ζκ

∑
φ
δφ
∂L
∂∂µφ
−Kµ

 , (3.1)
where the summation runs over all component fields of the Lagrangian. It has to be
emphasised that this compact general equation for the supercurrent suppresses any indices
of the component fields and also includes all hermitian conjugate component fields as well.
The term Kµ in this equation is related to the variation of the Lagrangian by
∂µKµ = δL . (3.2)
As the full supercurrent Jµ is hermitian it is possible to restrict the discussion to the
on-shell Lagrangian without hermitian conjugate part and to calculate both J
1/2
µ as well
as J¯
1/2
µ . The complete supercurrent can then be constructed from the two contributions
J
1/2
µ and J¯
1/2
µ .
The general equation for J
1/2
µ can be written as
J1/2µκ =
∂
∂ζκ
(
δχτ
∂L
∂∂µχτ
+ δψτ
∂L
∂∂µψτ
+ δS˜τω
∂L
∂∂µS˜τω
+ δR˜τ˙ω
∂L
∂∂µR˜τ˙ω
−Kµ
)
. (3.3)
Inserting the on-shell Lagrangian from equation (2.80) into the equation for the supercur-
rent yields
Jµκ = −3S˜κ
α∂µψα −
im
2
ψα (σµ)κ
β˙R˜β˙α − i∂νψ
α (σνµ)κ
βS˜βα −
∂
∂ζκ
Kµ . (3.4)
The explicit form of Kµ is derived from the variation of the Lagrangian without hermitian
conjugate part
δL = ∂µδχ∂
µψ + ∂µχ∂
µδψ + ∂µδψ∂
µχ+ ∂µψ∂
µδχ−
m2
4
δψχ −
m2
4
ψδχ−
m2
4
δχψ−
−
m2
4
χψδ +
i
2
Tr
(
δS˜T∂/R˜
)
+
i
2
Tr
(
S˜T∂/δR˜
)
+
i
2
Tr
(
δR˜T ∂¯/ S˜
)
+
i
2
Tr
(
R˜T ∂¯/δS˜
)
−
−
m
4
Tr
(
δS˜T S˜
)
−
m
4
Tr
(
S˜T δS˜
)
−
m
4
Tr
(
δR˜T R˜
)
−
m
4
Tr
(
R˜T δR˜
)
. (3.5)
It can be shown that the variation of the Lagrangian is a four divergence as expected which
implies that
Kµ = ζ
βS˜βα∂µψ
α − ζ¯ β˙R˜β˙α∂µχ
α +
im
2
(σ¯µ)β˙
γ ζ¯ β˙χαS˜γα +
im
2
(σµ)β
γ˙ζβψαR˜γ˙α+
+ iζ¯ δ˙ (σ¯µ
ν)δ˙
γ˙χα∂νR˜γ˙α + iζ
δ (σµ
ν)δ
γψα∂νS˜γα . (3.6)
This result can then be inserted into the equation for the supercurrent. After differentiating
with respect to the transformation parameter ζ the supercurrent is found to be
J1/2µκ = −im (σµ)κ
β˙R˜β˙αψ
α + 2 (σµ)
βγ˙ ∂¯/ γ˙κψ
αS˜βα . (3.7)
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The contribution to the full supercurrent J¯
1/2
µ is defined in perfect analogy to J
1/2
µ
by replacing the derivative with respect to the Grassmann variable ζ with a derivative
with respect to ζ¯. It has to be noted that the behaviour of the Grassmann derivative
is rather subtle and depends on the conventions chosen. In the present scenario where
by convention all derivatives are written as right derivatives the change from left to right
derivative introduces an additional overall minus sign
J¯
1/2
µκ˙ = −
∂
∂ζ¯ κ˙
(
δχτ
∂L
∂∂µχτ
+ δψτ
∂L
∂∂µψτ
+ δS˜τω
∂L
∂∂µS˜τω
+ δR˜τ˙ω
∂L
∂∂µR˜τ˙ω
−Kµ
)
. (3.8)
The supercurrent J¯
1/2
µ for the Lagrangian without the complex conjugate part is then given
by
J¯
1/2
µκ˙ = 3R˜κ˙α∂µχ
α + i (σνµ)κ˙
β˙∂νχ
αR˜β˙α +
im
2
(σ¯µ)κ˙
βS˜βαχ
α +
∂
∂ζ¯ κ˙
Kµ , (3.9)
where the term Kµ is already known from equation (3.6). After differentiation with respect
to the Grassmann variable the final result is
J¯
1/2
µκ˙ = im (σ¯µ)κ˙
βS˜βαχ
α + 2 (σ¯µ)
β˙γ ∂/γκ˙χ
αR˜β˙α . (3.10)
Together with the previous result for J
1/2
µ from equation (3.7) the construction of the full
supercurrent is straightforward
Jµκ = −im (σµ)κ
β˙R˜β˙αψ
α + 2 (σµ)
βγ˙ ∂¯/ γ˙κψ
αS˜βα−
− im (σµ)κ
β˙ ¯˜Sβ˙α˙χ¯
α˙ + 2 (σµ)
βγ˙ ∂¯/ γ˙κχ¯
α˙ ¯˜Rβα˙ . (3.11)
4. The Hamiltonian in Position Space
The Hamiltonian in position space is usually derived from the Lagrangian by canonical
quantisation. However, it is not immediately clear whether this approach is still valid
for the present scenario that is based on a general spinor superfield instead of a scalar
superfield. Therefore, a more conservative approach based on the supersymmetry algebra
was chosen. It utilises the anticommutation relation between the barred and unbarred
supersymmetry generator of the N = 1 supersymmetry algebra
2 (σµ)αβ˙ Pµ =
{
Qα, Q¯β˙
}
. (4.1)
At this point it can already be seen that a successful derivation of the Hamiltonian from
the supersymmetry algebra requires the knowledge of the commutation and anticommuta-
tion relations of the component fields in position space. Therefore, the second quantisation
of the component fields in position space will be discussed in Section 4.1. Afterwards in
Section 4.2, these results will be used to derive an expression for the Hamiltonian in posi-
tion space which is founded in the supersymmetry algebra. Finally, in Section 4.3 it will
be shown that canonical quantisation yields the same Hamiltonian in position space as the
approach based on the supersymmetry algebra.
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4.1 Second Quantisation in Position Space
A viable supersymmetric model of fermionic fields with mass dimension one requires a
second quantisation that is in agreement with the superfield transformations of the compo-
nent fields as derived in Section 2.2.2. This can be achieved by calculating the commutator
between the component fields and the generators of the superspace translations
δφ = −i
[
φ, ζαQα + ζα˙Q
α˙
]
. (4.2)
To generalise the notation the spinor indices of the field φ are suppressed and it can
represent a scalar field as well as first, second, or higher rank spinor fields. Subsequently,
the commutation and anticommutation relations of the barred component fields are derived
from the results for the unbarred component fields.
The supersymmetry generators that appear in this equation are proportional to the
supercurrent
Qα =
∫
dxJ0α , (4.3)
Q¯α˙ =
∫
dxJ¯0α˙ . (4.4)
In general the supersymmetry generators must contain the full supercurrent. However, the
previous results for the superfield translations, equations (2.61) to (2.64), imply that no
mixing between barred and unbarred component fields occurs. Therefore, it is sufficient
to restrict the discussion in this section to the supercurrent arising from the Lagrangian
without hermitian conjugate contribution, as any cross terms vanish identically and define
the constrained generators
Q1/2α =
∫
dxJ
1/2
0α , (4.5)
Q¯
1/2
α˙ =
∫
dxJ¯
1/2
0α˙ . (4.6)
To distinguish the constrained generators from the full generators as outlined in equations
(4.3) and (4.4) an additional superscript 1/2 was incorporated into the notation in analogy
to the notation for the supercurrent in Chapter 3. Inserting the results for the supercurrent
from equations (3.7) and (3.10) then yields the following expression for the constrained
supersymmetry generators
Q1/2α =
∫
dx
(
−im (σµ)α
γ˙R˜γ˙β(x)ψ
β(x) + 2 (σµ)
γδ˙ S˜γβ(x)∂¯/ δ˙αψ
β(x)
)
, (4.7)
Q¯
1/2
α˙ =
∫
dx
(
im (σ¯µ)α˙
γS˜γβ(x)χ
β(x) + 2 (σ¯µ)
γ˙δ R˜γ˙β(x)∂/δα˙χ
β(x)
)
. (4.8)
4.1.1 Superfield Transformation of the Fermionic Component Fields
Inserting the constrained supersymmetry generators as defined in equations (4.7) and (4.8)
into equation (4.2) for the commutator between component field χ and the generators of
superspace translations yields a variation of χ of
δχα(x) =
∫
dx′
(
mζβ (σ0)β
γ˙
{
χα(x), R˜γ˙δ
(
x′
)
ψδ
(
x′
)}
+
+ 2iζβ (σ0)
γδ˙
{
χα(x), S˜γǫ
(
x′
)
∂¯/
′
δ˙βψ
ǫ
(
x′
)}
−
−mζ¯β˙ (σ¯0)
β˙γ
{
χα(x), S˜γδ
(
x′
)
χδ
(
x′
)}
+
+2iζ¯β˙ (σ¯0)
γ˙δ
{
χα(x), R˜γ˙ǫ
(
x′
)
∂/ ′δ
β˙χǫ
(
x′
)})
. (4.9)
Each of the contributions to the variation of the component field χ contains an anticom-
mutator involving two fermionic fields and one bosonic field. They can be rewritten using
the anticommutator relation
{F1, B2F2} = B2 {F1, F2} . (4.10)
In addition, it can be seen that the second and fourth term contain a four derivative ∂/
acting on one of the component fields in the anticommutator. These terms can be rewritten
by splitting the four derivative into its time and spatial components
∂/αβ˙ = (σ
µ)αβ˙ ∂µ =
(
σ0
)
αβ˙
∂0 + σαβ˙ ·∇ . (4.11)
It is important to recall that there is a plus sign between the time and spatial components
and not a minus sign as the derivative is a covariant three vector ∇ = (∂1, ∂2, ∂3) while
all standard vectors, e.g. p =
(
p1, p2, p3
)
, are contravariant three vectors. After partial
integration over the spatial components each term involving a four-derivative is replaced
by two terms – one containing a time derivative acting on one of the fields in the commu-
tator and one simply containing the commutator of component fields. Furthermore, the
boundary terms from the partial integration which are 3-divergences vanish identically and
are ignored. This results in
δχα(x) =
∫
dx′
(
mζβ (σ0)β
γ˙R˜γ˙δ
(
x′
) {
χα(x), ψ
δ
(
x′
)}
+ 2iζβ S˜βǫ
(
x′
) {
χα(x), ψ˙
ǫ
(
x′
)}
+
+ 2iζβ (σ0)
γδ˙
σδ˙β ·∇
′S˜γǫ
(
x′
) {
χα(x), ψ
ǫ
(
x′
)}
−
−mζ¯β˙ (σ¯0)
β˙γ S˜γδ
(
x′
) {
χα(x), χ
δ
(
x′
)}
− 2iζ¯ β˙R˜β˙ǫ
(
x′
) {
χα(x), χ˙
ǫ
(
x′
)}
+
+2iζ¯β˙ (σ¯0)
γ˙δ
σδ
β˙ ·∇′R˜γ˙ǫ
(
x′
) {
χα(x), χ
ǫ
(
x′
)})
. (4.12)
By comparison with the previously derived superspace translation of χ in equation (2.62)
it can be seen that the only nonvanishing contribution comes from the term proportional
to ζS˜ while all other contributions have to vanish identically. This implies that three of
the anticommutators vanish identically{
χα(x), ψβ
(
x′
)}
= 0 , (4.13){
χα(x), χ˙β
(
x′
)}
= 0 , (4.14){
χα(x), χβ
(
x′
)}
= 0 . (4.15)
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The only nonvanishing anticommutator satisfies
−ζβS˜βα(x) = −2iζ
β
∫
dx′S˜β
γ
(
x′
) {
χα(x), ψ˙γ
(
x′
)}
, (4.16)
which has the solution {
χα(x), ψ˙γ
(
x′
)}
=
i
2
ǫαγδ
(
x− x′
)
. (4.17)
As the Lagrangian is symmetric with respect to the exchange of χ and ψ there is no
difference between the calculation of δχ and δψ. Again, three of the anticommutators have
to vanish identically {
ψα(x), ψ˙β
(
x′
)}
= 0 , (4.18){
ψα(x), ψβ
(
x′
)}
= 0 , (4.19){
ψα(x), χβ
(
x′
)}
= 0 , (4.20)
while the only nonvanishing anticommutator is the one involving ψ and χ˙
{
ψα(x), χ˙γ
(
x′
)}
=
i
2
ǫαγδ
(
x− x′
)
. (4.21)
4.1.2 Superfield Transformation of the Bosonic Component Fields
The discussion for the superfield transformation of the bosonic component fields is in
perfect analogy to those for the fermionic component fields. The change from a fermionic
to a bosonic field results in an exchange of all anticommutators with commutators
δS˜βα(x) =
∫
dx′
(
−mζγ (σ0)γ
ǫ˙
[
S˜βα(x), R˜ǫ˙δ
(
x′
)
ψδ
(
x′
)]
−
− 2iζγ (σ0)
ǫδ˙
[
S˜βα(x), S˜ǫκ
(
x′
)
∂¯/ δ˙γψ
κ
(
x′
)]
+
+mζ¯γ˙ (σ¯0)
γ˙ǫ
[
S˜βα(x), S˜ǫδ
(
x′
)
χδ
(
x′
)]
−
−2iζ¯γ˙ (σ¯0)
ǫ˙δ
[
S˜βα(x), R˜ǫ˙κ
(
x′
)
∂/δ
γ˙χκ
(
x′
)])
. (4.22)
The commutators involved in this expression each contain two bosonic and one fermionic
component field and can be simplified using the commutator relation
[B1, B2F2] = F2 [B1, B2] . (4.23)
Therefore, the variation of the bosonic second-rank spinor field S˜ takes the form
δS˜βα(x) =
∫
dx′
(
−mζγ (σ0)γ
ǫ˙ψδ
(
x′
) [
S˜βα(x), R˜ǫ˙δ
(
x′
)]
−
− 2iζγ (σ0)
ǫδ˙ ∂¯/ δ˙γψ
κ
(
x′
) [
S˜βα(x), S˜ǫκ
(
x′
)]
+
+mζ¯γ˙ (σ¯0)
γ˙ǫ χδ
(
x′
) [
S˜βα(x), S˜ǫδ
(
x′
)]
−
−2iζ¯γ˙ (σ¯0)
ǫ˙δ ∂/δ
γ˙χκ
(
x′
) [
S˜βα(x), R˜ǫ˙κ
(
x′
)])
. (4.24)
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If this result is compared to the superspace translation of S˜ in equation (2.64) it can be
immediately read off that [
S˜βα(x), S˜γδ
(
x′
)]
= 0 . (4.25)
The remaining two relations for the commutator between S˜ and R˜ should yield the same
result. Using the first relation
mζβψα = −mζ
γ (σ0)γ
ǫ˙
∫
dx′ψδ
(
x′
) [
S˜βα(x), R˜ǫ˙δ
(
x′
)]
(4.26)
it is found that S˜ and R˜ satisfy the commutation relation[
S˜βα(x), R˜ǫ˙δ
(
x′
)]
= −ǫαδδ
(
x− x′
) (
σ0
)
βǫ˙
. (4.27)
Inserting this result into the second relation then provides a consistency check as it satisfies
the relation identically.
Again, the calculations for the superfield transformation of R˜ are in perfect analogy
to those for S˜. It is found that the commutator of R˜ with itself vanishes[
R˜β˙α(x), R˜γ˙δ
(
x′
)]
= 0 . (4.28)
Finally, the remaining commutator between R˜ and S˜ can be derived from equation (4.27)
by commuting the component fields and renaming the spinor indices appropriately[
Rβ˙α(x), S
′
ǫδ
(
x′
)]
= −ǫαδ
(
σ¯0
)
β˙ǫ
δ
(
x− x′
)
. (4.29)
4.1.3 Transformation of the Conjugate Component Fields
Generally it is possible to repeat the calculations outlined in the previous sections for the
hermitian conjugate component fields. However, it is much easier to calculate the hermitian
conjugate of the previously derived commutation and anticommutation relations.
For the anticommutation relations between the spinor fields hermitian conjugation is
straightforward and the two nonvanishing anticommutation relations between the barred
component fields are {
χ¯α˙(x),
˙¯ψγ˙
(
x′
)}
=
i
2
ǫα˙γ˙δ
(
x− x′
)
, (4.30)
{
ψ¯α˙(x), ˙¯χγ˙
(
x′
)}
=
i
2
ǫα˙γ˙δ
(
x− x′
)
. (4.31)
The only difficulty that arises is the sign change of the second-rank ǫ-tensor under hermitian
conjugation.
For the commutation relations of the bosonic second-rank spinor fields the discussion
is only slightly more involved as the hermitian conjugation inverts the ordering of the
component fields which induces an additional sign flip for the commutators that didn’t
occur for the spinor fields. Therefore, the commutation relations for the barred component
fields are given by [
˜¯Sβ˙α˙(x),
˜¯Rǫδ˙
(
x′
)]
= −ǫα˙δ˙δ
(
x− x′
) (
σ¯0
)
β˙ǫ
, (4.32)[
˜¯Rβα˙(x),
˜¯Sǫ˙δ˙
(
x′
)]
= −ǫα˙δ˙
(
σ0
)
βǫ˙
δ
(
x− x′
)
. (4.33)
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4.2 The Hamiltonian from the Supersymmetry Algebra
To derive an explicit equation for the Hamiltonian the supersymmetry generators in equa-
tion (4.1) have to be expressed in terms of the component fields. This can be achieved us-
ing the relations between the supersymmetry generators which are the conserved Noether
charges of the system and the supercurrents which were defined in equations (4.3) and
(4.4). Inserting the result for the supercurrent from equations (3.11) and its hermitian
conjugate leads to the following expression of the supersymmetry generators in terms of
the component fields
Qα =
∫
dx
(
−im (σ0)α
γ˙R˜γ˙β(x)ψ
β(x) + 2 (σ0)
γδ˙ S˜γβ(x)∂¯/ δ˙αψ
β(x)−
−im (σ0)α
γ˙ ˜¯Sγ˙β˙(x)χ¯
β˙(x) + 2 (σ0)
γδ˙ ˜¯Rγβ˙(x)∂¯/ δ˙αχ¯
β˙(x)
)
, (4.34)
Q¯α˙ =
∫
dx
(
im (σ¯0)α˙
γ S˜γβ(x)χ
β(x) + 2 (σ¯0)
γ˙δ R˜γ˙β(x)∂/δα˙χ
β(x)+
+im (σ¯0)α˙
γ ˜¯Rγβ˙(x)ψ¯
β˙(x) + 2 (σ¯0)
γ˙δ ˜¯Sγ˙β˙(x)∂/δα˙ψ¯
β˙(x)
)
. (4.35)
To streamline the notation it proves useful to introduce the short notation
P/ αβ˙ = (σ
µ)αβ˙ Pµ , (4.36)
which is defined in analogy to the commonly used contraction with Dirac matrices. The
momentum operator is then given by
2P/ αβ˙ =
{∫
dx
(
−im (σ0)α
γ˙R˜γ˙ω(x)ψ
ω(x) + 2 (σ0)
γδ˙ S˜γω(x)∂¯/ δ˙αψ
ω(x)−
−im (σ0)α
γ˙ ˜¯Sγ˙ω˙(x)χ¯
ω˙(x) + 2 (σ0)
γδ˙ ˜¯Rγω˙(x)∂¯/
′
δ˙αχ¯
ω˙(x)
)
,∫
dx′
(
im (σ¯0)β˙
κS˜κǫ
(
x′
)
χǫ
(
x′
)
+ 2 (σ¯0)
κ˙τ R˜κ˙ǫ
(
x′
)
∂/ ′
τ β˙
χǫ
(
x′
)
+
+im (σ¯0)β˙
κ ˜¯Rκǫ˙
(
x′
)
ψ¯ǫ˙
(
x′
)
+ 2 (σ¯0)
κ˙τ ˜¯Sκ˙ǫ˙
(
x′
)
∂/τ β˙ψ¯
ǫ˙
(
x′
))}
. (4.37)
The anticommutators containing two fermionic and two bosonic component fields can now
be rewritten using the commutator relation
{B1F1, B2F2} = [B1, B2]F1F2 +B2B1 {F1, F2} , (4.38)
where it was assumed that the fermionic and bosonic fields commute. This assumption is
justified by the previous derivation of the commutation and anticommutation relations of
the component fields as well as the results of the superfield translations.
After separation of the time and spatial derivatives as well as partial spatial integration
the momentum operator is given by
2P/ αβ˙ =
∫
dxdx′
(
m2 (σ0)α
γ˙ (σ¯0)β˙
κψω(x)χǫ
(
x′
) [
R˜γ˙ω(x), S˜κǫ
(
x′
)]
−
− 2im (σ0)α
γ˙ (σ¯0)
κ˙τ (σ0)
τ β˙
R˜κ˙ǫ
(
x′
)
R˜γ˙ω(x)
{
ψω(x), χ˙ǫ
(
x′
)}
+
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+ 2im (σ0)
γδ˙ (σ¯0)β˙
κ
(
σ¯0
)
δ˙α
S˜κǫ
(
x′
)
S˜γω(x)
{
χǫ
(
x′
)
, ψ˙ω(x)
}
+
+ 4 (σ0)
γδ˙ (σ¯0)
κ˙τ ∂¯/ δ˙αψ
ω(x)∂/ ′
τ β˙
χǫ
(
x′
) [
S˜γω(x), R˜κ˙ǫ
(
x′
)]
−
− 4 (σ0)
γδ˙ (σ¯0)
κ˙τ (σ¯0)
δ˙α
στ β˙ ·∇
′R˜κ˙ǫ
(
x′
)
S˜γω(x)
{
χǫ
(
x′
)
, ψ˙ω(x)
}
−
− 4 (σ0)
γδ˙ (σ¯0)
κ˙τ (σ0)
τ β˙
R˜κ˙ǫ
(
x′
)
σ¯δ˙α ·∇S˜γω(x)
{
ψω(x), χ˙ǫ
(
x′
)}
+
+m2 (σ0)α
γ˙ (σ¯0)β˙
κχ¯ω˙(x)ψ¯ǫ˙
(
x′
) [ ˜¯Sγ˙ω˙(x), ˜¯Rκǫ˙(x′)]−
− 2im (σ0)α
γ˙ (σ¯0)
κ˙τ (σ0)
τ β˙
˜¯Sκ˙ǫ˙
(
x′
) ˜¯Sγ˙ω˙(x){χ¯ω˙(x), ˙¯ψǫ˙(x′)}+
+ 2im (σ0)
γδ˙ (σ¯0)β˙
κ
(
σ¯0
)
δ˙α
˜¯Rκǫ˙
(
x′
) ˜¯Rγω˙(x){ψ¯ǫ˙(x′), ˙¯χω˙(x)}+
+ 4 (σ0)
γδ˙ (σ¯0)
κ˙τ ∂¯/ δ˙αχ¯
ω˙(x)∂/ ′
τ β˙
ψ¯ǫ˙
(
x′
) [ ˜¯Rγω˙(x), ˜¯Sκ˙ǫ˙(x′)]−
− 4 (σ0)
γδ˙ (σ¯0)
κ˙τ (σ¯0)
δ˙α
στ β˙ ·∇
′ ˜¯Sκ˙ǫ˙
(
x′
) ˜¯Rγω˙(x){ψ¯ǫ˙(x′), ˙¯χω˙(x)}−
−4 (σ0)
γδ˙ (σ¯0)
κ˙τ (σ0)
τ β˙
˜¯Sκ˙ǫ˙
(
x′
)
σ¯δ˙α ·∇
˜¯Rγω˙(x)
{
χ¯ω˙(x), ˙¯ψǫ˙
(
x′
)})
. (4.39)
Inserting the previously derived results for the commutation and anticommutation relations
between the component fields in position space then yields
2P/ αβ˙ =
∫
dx
(
−m2 (σ0)αβ˙ ψǫ(x)χ
ǫ(x)−m (σ0)α
γ˙R˜β˙ǫ(x)R˜γ˙
ǫ(x)+
+m (σ¯0)β˙
κS˜κ
ω(x)S˜αω(x)− 4 (σ0)
γδ˙ ∂¯/ δ˙αψǫ(x)∂/γβ˙χ
ǫ(x)+
+ 2i (σ¯0)
κ˙τ
στ β˙ ·∇R˜κ˙
ω(x)S˜αω(x) + 2i (σ0)
γδ˙ R˜β˙ǫ(x)σ¯δ˙α ·∇S˜γ
ǫ(x)+
+m2 (σ0)αβ˙ χ¯ǫ˙(x)ψ¯
ǫ˙(x) +m (σ0)α
γ˙ ˜¯Sβ˙ǫ˙(x)
˜¯Sγ˙
ǫ˙(x)−
−m (σ¯0)β˙
κ ˜¯Rκ
ω˙(x) ˜¯Rαω˙(x) + 4 (σ0)
γδ˙ ∂¯/ δ˙αχ¯ǫ˙(x)∂/γβ˙ψ¯
ǫ˙(x)−
−2i (σ¯0)
κ˙τ
στ β˙ ·∇
˜¯Sκ˙
ω˙(x) ˜¯Rαω˙(x)− 2i (σ0)
γδ˙ ˜¯Sβ˙ǫ˙(x)σ¯δ˙α ·∇
˜¯Rγ
ǫ˙(x)
)
. (4.40)
To extract the Hamiltonian from the momentum operator it has to be contracted with the
appropriate Pauli matrix
H =
1
2
(σ0)
αβ˙ P/ αβ˙ . (4.41)
The Hamiltonian is therefore given by
H =
1
4
∫
dx
(
2m2ψ(x)χ(x) +mR˜β˙ǫ(x)R˜
β˙ǫ(x)−mS˜αω(x)S˜αω(x)−
− 4 (σ0σ¯
µσ0)
γβ˙ ∂µψǫ(x)∂/γβ˙χ
ǫ(x) + 2i
(
σ¯0σ
iσ¯0
)κ˙α
∂iR˜κ˙
ω(x)S˜αω(x)+
+ 2i
(
σ0σ¯
iσ0
)γβ˙
R˜β˙ǫ(x)∂iS˜γ
ǫ(x) + 2m2χ¯(x)ψ¯(x)−m ˜¯Sβ˙ǫ˙(x)
˜¯Sγ˙
β˙ǫ˙(x)+
+m ˜¯Rαω˙(x) ˜¯Rαω˙(x) + 4 (σ0σ¯
µσ0)
γβ˙ ∂µχ¯ǫ˙(x)∂/γβ˙ψ¯
ǫ˙(x)−
−2i
(
σ¯0σ
iσ¯0
)κ˙α
∂i
˜¯Sκ˙
ω˙(x) ˜¯Rαω˙(x)− 2i
(
σ0σ¯
iσ0
)γβ˙ ˜¯Sβ˙ǫ˙(x)∂i ˜¯Rγ ǫ˙(x)
)
. (4.42)
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This expression for the Hamiltonian can be further simplified using relations (A.20) and
(A.21) in Appendix A.3 for the special case where the first and last index are 0
σ0σ¯µσ0 = 2ηµ0σ0 − σµ , (4.43)
σ¯0σµσ¯0 = 2ηµ0σ¯0 − σ¯µ . (4.44)
The Hamiltonian is then reduced to
H =
∫
dx
(
2ψ˙(x)χ˙(x) + 2∇ψ(x) ·∇χ(x) +
m2
2
ψ(x)χ(x) + 2 ˙¯χ(x) ˙¯ψ(x)+
+ 2∇χ¯(x) ·∇ψ¯(x) +
m2
2
χ¯(x)ψ¯(x) +
m
4
Tr
(
R˜T (x)R˜(x)
)
+
m
4
Tr
(
S˜T (x)S˜(x)
)
−
− iTr
(
R˜T (x)σ¯ ·∇S˜(x)
)
+
m
4
Tr
(
˜¯RT (x) ˜¯R(x)
)
+
m
4
Tr
(
˜¯ST (x) ˜¯S(x)
)
−
−iTr
(
˜¯ST (x)σ¯ ·∇ ˜¯R(x)
))
. (4.45)
It contains the sum of unbarred spinor products and their barred counterparts which is
only restricted to be real but could, at least in principle, be either positive or negative.
Therefore, on the first glance it seems that this Hamiltonian could have negative eigenval-
ues. However, as the Lagrangian is by construction supersymmetric and in addition the
Hamiltonian was derived using the supersymmetry algebra the eigenvalues of the Hamil-
tonian must be positive definite. This can also be shown by deriving the momentum space
expansion of the component fields in position space, calculating the commutation and an-
ticommutation relations of the momentum space operators, and determining the normal
ordered Hamiltonian in momentum space.
4.3 The Hamiltonian from Canonical Quantisation
The derivation of the Hamiltonian using the supersymmetry algebra is by construction
positive definite and is founded in the fundamental properties of the algebra. However, it
immediately raises the question whether this approach is equivalent to a construction of
the Hamiltonian from canonical quantisation which doesn’t require the Lagrangian to be
supersymmetric.
For brevity the discussion is restricted to the Lagrangian without hermitian conjugate
contribution. The Hamiltonian from canonical quantisation is then defined as
Hc.q. =
∫
d3x
(
−
∂L
∂χ˙τ
χ˙τ −
∂L
∂ψ˙τ
ψ˙τ +
∂L
∂ ˙˜Sτω
˙˜Sτω +
∂L
∂ ˙˜Rτ˙ω
˙˜Rτ˙ω − L
)
. (4.46)
Inserting the Lagrangian into this definition of the Hamiltonian results in
Hc.q. =
∫
d3x
(
2χ˙(x)ψ˙(x) + 2∇χ(x)∇ψ(x) +
m2
2
ψ(x)χ(x)− iTr
(
R˜T (x)σ¯ ·∇S˜(x)
)
+
m
4
Tr
(
S˜T (x)S˜(x)
)
+
m
4
Tr
(
R˜T (x)R˜(x)
))
. (4.47)
It turns out that the Hamiltonian derived from canonical quantisation after normal ordering
is identical to the one derived using the supersymmetry algebra. This is intriguing as
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it paves the way for a significantly simplified derivation of the Hamiltonian in position
space involving fermionic fields with mass dimension one. It represents an extension of the
commonly used formalism of canonical quantisation to component fields with non-standard
mass dimensions.
5. Summary
The primary objective of this article was to construct a supersymmetric model for fermionic
fields with mass dimension one.
To achieve this goal it was investigated whether it is possible to obtain a model based
on the general scalar superfield commonly used in supersymmetric models. It has been
shown that such a model cannot be formulated due to problems constructing a Lagrangian
containing kinetic terms for the fermionic fields with mass dimension one. This eliminated
all but the trivial solution which corresponds to a constant non-dynamic background spinor
field and is not appealing. In addition no consistent second quantisation for the component
fields can be constructed.
This motivated the formulation of a model for fermionic fields with mass dimension
one based on a general spinor superfield. Up to now no explicit calculations for the general
spinor superfield exist in the literature, therefore, necessitating the derivation of the model
from the ground up. This included the calculation of all chiral and anti-chiral superfields
up to third order in covariant derivatives. To second oder in covariant derivatives there is
one chiral and one anti-chiral spinor field while to third order there is one chiral and one
anti-chiral second rank spinor field. Interestingly, the chiral second-rank spinor field admits
a special case that leads to a scalar superfield while the anti-chiral second-rank spinor field
can at most be written as a vector superfield.
Dimensional analysis revealed that there is a large number of possible contributions
to the mass and kintic terms. Therefore, the discussion was restricted to terms built from
chiral and anti-chiral superfields. The resulting on-shell Lagrangian depends solely on two
spinor fields and two second-rank spinor fields which corresponds to 8 fermionic and 8
bosonic degrees of freedom.
As it was not ad hoc clear that the Hamiltonian can be derived from the Lagrangian
by canonical quantisation a conservative approach based on the supersymmetry algebra
was utilised. It provides an anticommutation relation between the supersymmetry gener-
ators which is proportional to the momentum operator that contains the Hamiltonian as
0-th component. This is then related to the Lagrangin via the position space representa-
tion of the generators that are proportional to the spacetime integral of the supercurrent
which itself can be derived from the Lagrangian. This process ensures a Hamiltonian that
is consistent with the initial on-shell Lagrangian as well as the supersymmetry algebra.
Therefore, the resulting Hamiltonian is positive definite.
Subsequently it was shown that the Hamiltonian derived by canonical quantisation is
identical to the one calculated using the supersymmetry algebra. This shows that it is
possible to extend the commonly used formalism of canonical quantisation to component
fields with non-standard mass dimensions.
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A. Mathematical Appendix
The following mathematical Appendix is separated into three subsections. The first sub-
section summarises general definitions. This is followed by a subsection outlining relations
between Grassmann variables while the last subsection provides a collection of relations
between σµ- and σµν -matrices.
A.1 Conventions
The metric was chosen to be
ηµν = diag(+,−,−,−) . (A.1)
while the four dimensional anisymmetic tensor was chosen such that
ǫ0123 = −ǫ0123 = 1 . (A.2)
The components of two dimensional antisymmetric tensors with dotted and undotted in-
dices are defined as follows
ǫ12 = ǫ
12 = −ǫ
1˙2˙
= −ǫ1˙2˙ = 1 . (A.3)
These tensors can then be used to raise and lower the indices of spinors and tensors in the
following way
ψα = ǫαβψβ , (A.4)
ψ¯α˙ = ψ¯β˙ǫ
β˙α˙ . (A.5)
The two dimensional epsilon tensors with mixed index structure, one lower and one upper
index are then proportional to the Kronecker-δ
ǫα
β = −ǫβα = δ
β
α , (A.6)
ǫα˙β˙ = −ǫβ˙
α˙ = δα˙
β˙
. (A.7)
Finally, the σ-matrices with two Lorentz indices are defined as
σµν = iσµσ¯ν − iηµν , (A.8)
σ¯µν = iσ¯µσν − iηµν , (A.9)
where the Pauli matrices are given by
σ0 =
(
1 0
0 1
)
, σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A.10)
– 26 –
A.2 Relations between Grassmann Variables
It can be shown that the product of two dotted or undotted Grassmann variables with
different spinor indices are always proportional to a two dimensional epsilon-tensor with
respectively dotted or undotted indices
θαθβ = −
1
2
ǫαβθ2 , (A.11)
θ¯α˙θ¯β˙ = −
1
2
ǫα˙β˙ θ¯2 . (A.12)
Sometimes it also proves useful to rewrite the product of one unbarred and one barred
Grassmann variable
θαθ¯β˙ =
1
2
θσµθ¯ (σµ)
αβ˙ . (A.13)
A.3 Relations between σ-matrices
A very good source for relations between σ-matrices can be found in the appendix of
[10]. However, it is necessary to determine the appropriate phase factors as their choice of
conventions for the metric and Dirac matrices differs from the one used in this thesis.
In the following section numerous relations involving two, three, or four σ-matrices as
well as relations involving σµν are summarised.
(σ¯µ)γ˙α (σν)αγ˙ = (σ¯
µσν)γ˙ γ˙ = Tr(σ¯
µσν) = 2ηµν (A.14)
(σµ)αγ˙ (σ¯
ν)γ˙α = (σµσ¯ν)α
α = Tr(σµσ¯ν) = 2ηµν (A.15)
(σµ)αβ˙ (σ¯µ)
γ˙δ = −2ǫα
δǫβ˙
γ˙ = 2δδαδ
γ˙
β˙
(A.16)
(σµ)αβ˙ (σ¯µ)
β˙α = 2δααδ
β˙
β˙
= 8 (A.17)
(σ¯µσν + σ¯νσµ)α˙ β˙ = 2η
µνδα˙
β˙
(A.18)
(σµσ¯ν + σν σ¯µ)α
β = 2ηµνδβα (A.19)
σµσ¯νσρ + σρσ¯νσµ = 2ηνρσµ − 2ηµρσν + 2ηµνσρ (A.20)
σ¯µσν σ¯ρ + σ¯ρσν σ¯µ = 2ηνρσ¯µ − 2ηµρσ¯ν + 2ηµν σ¯ρ (A.21)
σµσ¯νσρ − σρσ¯νσµ = −2iǫµνρτστ (A.22)
σ¯µσν σ¯ρ − σ¯ρσν σ¯µ = 2iǫµνρτ σ¯τ (A.23)
Tr(σµν) = 0 (A.24)
Tr(σ¯µν) = 0 (A.25)
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Tr(σµσ¯νσρσ¯σ) = 2ηρσηµν − 2ηνσηµρ + 2ηνρηµσ − 2iǫµνρσ (A.26)
Tr(σ¯µσν σ¯ρσσ) = 2ηρσηµν − 2ηνσηµρ + 2ηνρηµσ + 2iǫµνρσ (A.27)
Tr(σµνσρσ) = 2ηνσηµρ − 2ηνρηµσ + 2iǫµνρσ (A.28)
Tr(σ¯µν σ¯ρσ) = 2ηνσηµρ − 2ηνρηµσ − 2iǫµνρσ (A.29)
(σµσ¯νρ)αβ˙ = −iη
µρ (σν)αβ˙ + iη
µν (σρ)αβ˙ + ǫ
µνρσ (σσ)αβ˙ (A.30)
(σµνσρ)αβ˙ = iη
νρ (σµ)αβ˙ − iη
µρ (σν)αβ˙ + ǫ
µνρσ (σσ)αβ˙ (A.31)
(σ¯µσνρ)α˙β = −iη
µρ (σ¯ν)α˙β + iη
µν (σ¯ρ)α˙β − ǫ
µνρσ (σ¯σ)α˙β (A.32)
(σ¯µν σ¯ρ)α˙β = iη
νρ (σ¯µ)α˙β − iη
µρ (σ¯ν)α˙β − ǫ
µνρσ (σ¯σ)α˙β (A.33)
(σµνσρσ)α
β = −ηνρηµσǫα
β + iηνρ (σµσ)α
β + ηµρηνσǫα
β − iηµρ (σνσ)α
β+
+ iǫµνρσǫα
β + ǫµνρτ (σ
τσ)α
β − iηρσ (σµν)α
β (A.34)
(σ¯µν σ¯ρσ)α˙ β˙ = −η
νρηµσǫα˙β˙ + iη
νρ (σ¯µσ)α˙ β˙ + η
µρηνσǫα˙β˙ − iη
µρ (σ¯νσ)α˙ β˙−
− iǫµνρσǫα˙β˙ − ǫ
µνρ
τ (σ¯
τσ)α˙ β˙ − iη
ρσ (σ¯µν)α˙ β˙ (A.35)
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